We study the breakup of confined fluid threads at low flow rates to understand instability mechanisms. To determine the critical conditions between the earlier quasi-stable necking stage and the later unstable collapse stage, simulations and experiments are designed to operate at an extremely low flow rate. Critical mean radii at neck centres are identified by the stop-flow method for elementary microfluidic configurations. Analytical investigations reveal two distinct origins of capillary instabilities. One is the gradient of capillary pressure induced by the confinements of geometry and external flow, whereas the other is the competition between local capillary pressure and internal pressure determined by the confinements.
Introduction
Fluid thread breakup is a widespread phenomenon in nature, industry, and daily life (Eggers et al. 2007; Bhat et al. 2010; van Hoeve et al. 2010; Tagawa et al. 2012) . As a common example, columnar water jets from a showerhead are unstable downstream of the nozzles and break into droplets in air. This breakup scenario is called Rayleigh-Plateau (R-P) instability (Plateau 1873; Rayleigh 1878) , which is also called capillary instability at low flow rates where the driving force is interfacial tension (Eggers et al. 2007; Eggers & Villermaux 2008) . In contrast, a fluid thread covered by a thin film of another fluid within a tube can be stable (Duclaux et al. 2006) . For instance, a long air bubble in an intravenous line maintains its shape while moving slowly with the liquid. This kind of tightly confined fluid thread is often encountered in various processes, including pore-scale breakup in enhanced oil recovery (Olbricht 1996) and droplet or bubble generation in microfluidic devices (Squires & Quake 2005; Anna 2016) , where confined fluid threads are squeezed into fluid necks at channel junctions and eventually break into microdroplets. The interface is quasi-stable in the earlier necking stage and becomes unstable in the later collapse stage (Garstecki et al. 2005) . The stage transition is thought to be an R-P instability (Link et al. 2004; Garstecki et al. 2005; De Menech et al. 2008) or initiated not by an R-P instability but rather by a reversed flow from the thread tip to the neck Here, through newly designed numerical simulations and experiments at extremely low capillary numbers, we identify transitions between the quasi-stable and unstable stages for confined fluid threads. Two breakup mechanisms are uncovered from theoretical analyses in surprisingly simple terms.
Problem statement
Various microfluidic configurations are considered in this paper. Inspired by the axisymmetric configurations used in studying the breakup mechanism of unbounded fluid threads (Gordillo et al. 2005; Eggers et al. 2007) , we first investigate the breakup of an axisymmetric water thread that is tightly confined inside a circular microchannel, as shown in figure 1(a) . A fluid neck forms under the squeezing of the oil side flow and then collapses. As illustrated in figure 1(b), a circular channel avoids the empty corners in a rectangular channel where oil inevitably flows through the corners to cause leakage and thus makes it difficult to deform the interface under low flow rates (Dollet et al. 2008; Shui et al. 2008) . Using circular channels, we can overcome the leakage problem and study the breakup at extremely low flow rates. Non-axisymmetric configurations, including a T-junction configuration with circular microchannels and configurations with square microchannels, are also studied and are described when mentioned.
Numerical and experimental methods
Numerical simulations are conducted using the Gerris flow solver (http://gfs.sf.net). Combining an adaptive quad/octree spatial discretization, geometrical volume-of-fluid interface representation, balanced-force continuum-surface-force surface tension formulation, and height-function curvature estimation, the method is shown to recover exact equilibrium (to machine accuracy) between surface tension and pressure gradient in the case of a stationary droplet, irrespective of viscosity and spatial resolution (Popinet 2009 ). The accuracy of the code has been validated in our previous studies for various interfacial flow problems (Chen et al. 2013 . A thickness-based refinement criterion developed in our previous work (Chen & Yang 2014 ) is added to resolve the thin film between the interface and the wall.
Experiments are performed in circular microchannels that are fabricated by a rapid prototyping method (Ghorbanian et al. 2010) . Iron wires are cut and arranged on a cured polydimethylsiloxane (PDMS) flat piece. Wires are connected by dropping a small amount of melted paraffin in gaps between the wires. The connected wires are then covered with the uncured PDMS. After the PDMS is cured, the wires are pulled out to form the desired configurations. More experimental details can be found in the Supplementary Material.
Results

Neck evolutions during the axisymmetric breakup
Numerical simulations are first carried out for the axisymmetric configuration in figure  1(a) . A water droplet (viscosity µ w = 1 mPas, density ρ w = 998 kg/m 3 ) is initially tightly confined in a circular microchannel with radius R = 25 µm. The initial shape of the droplet is a cylinder (radius R = 25 µm) with two hemispherical tips. The incoming oil (viscosity µ o = 8 mPas, density ρ o = 770 kg/m 3 ) from the lateral opening (width of 50 µm) deforms the interface (interfacial tension σ = 5 mN/m). A 2-D axisymmetric model is established to consider only a quarter of the cross-section of the configuration. Neck evolutions during the axisymmetric breakup of the confined fluid thread are characterized by two principal radii at the neck centre, R 1 and R 2 , in the radial and axial directions, respectively, and the mean radius R m = R 1 R 2 /(R 1 +R 2 ) according to the Young-Laplace equation.
Figure 1(c) and (d) shows the evolutions of R 1 and R m for capillary number Ca = µ w U/σ = 2.0 × 10 −4 and 2.0 × 10 −5 , respectively, where τ = t c − t represents the time remaining until pinch-off, with t the time and t c the time at pinch-off. The radii are normalized by R, and time is scaled by R/U . In figure 1(c), we identify two stages where R 1 and R m exhibit power law behaviours with τ α , where the scaling constant α is a signature of the physical mechanisms causing the collapse (van Hoeve et al. 2011) . The values of α in the first and second (based on t) collapse stages are 0.28±0.0004 and 0.40±0.01, respectively, which agrees well with the experimental measurements and theoretical predictions of 1/3 and 2/5 for microbubble formation in a microfluidic flowfocusing device (van Hoeve et al. 2011) . The values of α for R m of the two stages are 0.18±0.001 and 0.41±0.02, respectively, suggesting that the effect of R 2 on R m is not negligible in the first collapse stage and the earlier necking stage. It is therefore more reasonable to use R m to characterize the earlier necking stage, rather than R 1 that has been widely used to characterize the collapse stages (van Hoeve et al. 2011; CastrejonPita et al. 2015) . Notably, complex scaling behaviours emerge after the second collapse stage. Several transient stages may exist until pinch-off owing to the formation of satellite droplets at the neck centre (Castrejon-Pita et al. 2015) . Similar behaviours of R 1 and R m are observed at an extremely low Ca of 2.0 × 10 −5 , as shown in figure 1 (d) . The values of α in the two stages are smaller than those of Ca = 2.0×10 −4 . In the earlier necking stage before the first collapse stage for both Ca numbers, variations in the radii do not conform to any power law with a constant α. We thus expect a critical condition representing the transition between the earlier necking stage and the later collapse stages.
Critical mean radius for the axisymmetric breakup
From the evolution of the flow field, we find a transition of the flow pattern near the neck. As shown in figure 2(a), oil flows expansively to squeeze the interface at t = 0.41 and 0.45, while oil flows towards the neck centre at t = 0.48 and 0.51. Here, the critical time t u when the transition occurs can be determined by the stop-flow method (Stone et al. 1986; Blanchette & Bigioni 2006; Hoang et al. 2013 ). The flow is stopped at different moments by setting the flow velocity to zero and then the simulations resume. We find that, at t u , the critical mean radius R The above stop-flow studies provide direct evidence that the earlier necking stage is quasi-stable (Garstecki et al. 2005) . Our simulations suggest that the internal pressure of the droplet is nearly constant during the quasi-stable necking stage. Using the pressure outside of the droplet tips as the reference pressure, the internal pressure of the fluid thread can be estimated by the capillary pressure of the tips, σ/R m , which equals 2σ/R since R m = R/2 (R 1 = R 2 = R at the tips). Additionally, the oil pressure outside the neck is almost evenly distributed during the quasi-stable stage. The capillary pressure is thus nearly constant along the neck interface, indicating that R m can be considered constant along the neck region. In the axisymmetric configuration, the neck interface is essentially an axisymmetric surface of constant mean curvature (CMC) or a Delaunay surface (Delaunay 1841). R m varies from R to approximately 0.76R in the quasi-stable stage. The corresponding capillary pressure, varying from σ/R to 1.32σ/R, is consistently smaller than the internal pressure, 2σ/R. The internal pressure pushes the interface outwards to stabilize it against inward collapse. The stabilization of the confined fluid thread thus originates from the domination of the internal pressure caused by the thread tips under confinement.
Destabilizing mechanism of the axisymmetric fluid thread
The CMC feature of the neck interface inspires us to propose a theoretical analysis to reveal an unrecognized destabilizing scenario of capillary instability. The two principal radii are derived from the geometrical relationships
1)
where r(z) is the profile of the neck in figure 3(a) . The shapes of the neck for R 1/R m 2/R are obtained by solving 1/R m = 1/R 1 + 1/R 2 with boundary conditions of r(0) = R andṙ(0) = 0 by a MATLAB code. the neck interface. A capillary pressure gradient thus emerges along the interface to promote an irreversible collapse. Figure 3(c) shows that the maximum oil volume for the CMC surfaces occurs at R m = (0.71 ± 0.001)R, agreeing with the stationary neck shape obtained numerically for Ca = 2.5 × 10 −6 . We further support this finding directly by comparing the simulated neck profiles for Ca = 2.0×10
−5 with the corresponding CMC curves. Figure 3(d) shows that good agreement is achieved before the critical moment tu. The destabilization of axisymmetrically confined fluid threads is clearly the result of the gradient of capillary pressure induced by the confinements of both geometry and flow. This instability scenario can be termed confinement-induced capillary instability.
Destabilizing mechanism of a non-axisymmetric fluid thread
We also experimentally study the breakup of a non-axisymmetric fluid thread with circular channels in a cross-flowing configuration, as shown in figure 4(a) . Figure 4(b) shows the evolution of three radii for Ca = 2.0 × 10 −5 . The collapse occurs more rapidly than that in the axisymmetric configuration, suggesting the existence of a different destabilization mechanism. The stop-flow experiment in figure 4(c) shows that the critical mean radius R r m is (0.51 ± 0.01)R. The capillary pressure at the neck centre is approximately 2σ/R, which is equal to the internal pressure of the fluid thread. The fluid thread thus becomes unstable when the capillary pressure at the neck centre balances the internal pressure.
Interestingly, this mechanism is similar to the classic snap-off mechanism (Roof 1970 ) that is identified in porous media approximately half a century ago. Snap-off is associated with the diameter variation in the porous channel (Beresnev et al. 2009) , and a similar mechanism is also found in a step-emulsification microfluidic device with rectangular channels (Dangla et al. 2013 ).
Critical conditions for the fluid thread in square microchannels
For completeness, critical conditions for fluid thread breakup in rectangular microchannels are studied numerically. For droplet breakup in a flow-focusing configuration made of square microchannels with height H shown in figure 5(a) , stop-flow simulations demonstrate that R u m = (0.76 ± 0.01)(H/2), agreeing with that in the axisymmetric configuration. The confinement-induced capillary instability is thus also applicable in square microchannels. For droplet breakup in a T-junction shown in figure 5(b) , we obtain the evolutions of the mean radii at three key positions of the neck centre. The top and bottom radii, R , is approximately equal to the mean radius at the corners, R g , which determines the internal pressure of the droplet (Wong et al. 1995) . Here, R s m and R g are (0.70 ± 0.02)(H/2) and 0.71(H/2), respectively. The origin of the instability is therefore the same as that of the non-axisymmetric case shown in figure 4, i.e., the fluid thread becomes unstable when the capillary pressure at the neck centre balances the internal pressure.
We also simulate the breakup of a fluid thread in a cross-flowing configuration with rectangular microchannels (see Supplementary Material). We do not observe corner flow from the thread tip to the neck to trigger collapse (van Steijn et al. 2009 ). We find only backward flow near the neck region, and the accelerating collapse of the neck region drives the oil phase towards the neck centre. Moreover, breakup occurs even when there is no corner at all, as shown for circular channels in figure 4. 
Discussion
The above analyses show that the critical conditions for the onset of capillary instability for small Ca numbers are geometrical for confined fluid threads. This finding is consistent with previous experiential studies (Link et al. 2004; Jullien et al. 2009 ) on droplet breakup in a T-junction. The boundary between no breakup and breakup for small Ca numbers was found to be independent of Ca number and could be characterized by the critical length of the initial plug-shaped droplet (Jullien et al. 2009) . A droplet shorter than the critical length obstructs the junction first, then opens a tunnel on one side of the junction by a random disturbance, and eventually moves in the opposite direction without breakup (Jullien et al. 2009) . We obtain the critical neck shape from the stop-flow simulations as shown in figure 5(b) and determine the critical length by dividing the critical droplet shape from the top view in figure 5(b) into five regions: the neck region (a), two plugshaped regions (b), and two hemispherical head-ends (c). For different initial droplet lengths, neither the critical shape of the neck region nor the shape of the head-ends changes. The shortest breaking droplet should thus have a volume that comprises those of the neck region and two head-ends. A shorter droplet cannot reach the critical neck shape for breaking with a small Ca number. According to the critical droplet shape in figure 5(b) , the critical length is approximately 3.07H. This length is close to πH, which is used in (Link et al. 2004) to predict the boundary between no breakup and breakup according to the Rayleigh-Plateau stability criterion. The viscosity ratio of dispersed and continuous phases alters the critical droplet length from approximately 2.62H to 4.20H as the viscosity ratio varies from 0.11 to 1.67 (Jullien, Ching et al. 2009 ), suggesting that the viscosity ratio may influence the critical shape of the neck region through the asymmetric flow field around the neck, including the leakage flow at the corners. Our results prove that the critical condition for breakup at low Ca numbers is based on geometry and provide physical reasons for geometric conditions. The critical length for the axisymmetric configuration is determined from the theoretical prediction in figure 3 to be approximately 4.54R or 2.27D (with D = 2R). The critical length for the crossflowing configuration with rectangular microchannels shown in figure 5(a) is determined from numerical simulations to be approximately 2.28H. These two critical lengths agree with each other. Naturally, the critical length can be used to predict the minimum droplet size that can be generated under low Ca conditions.
Concluding remarks
The present study highlights the essential role of capillarity and ultimately illuminates the origins of capillary instability of confined fluid threads. Distinct from an unbounded fluid thread, a confined fluid thread is stabilized by its internal pressure and destabilized by the gradient of capillary pressure induced by confinements or local capillary pressure that exceeds this internal pressure. Revealed mechanisms not only explain the underlying physics but also can be used to invent new configurations of microfluidic devices that can further improve the efficiency of droplet/bubble generation.
